We study the power spectrum of a space-time dependent neural field which describes the average membrane potential of neurons in a single layer. This neural field is modelled by a dissipative integrodifferential equation, the so-called Amari equation. By considering a small perturbation with respect to a stationary and uniform configuration of the neural field we derive a linearized equation which is solved for a generic external stimulus by using the Fourier transform into wavevector-freqency domain. We find a simple analytical formula for the power spectrum of the neural field in the case of a istantaneous and localized external stimulus. In the regime of small wavenumber and large frequency we show that the power spectrum scales as 1/ω 2 , in good agreement with several data of electroencephalography and functional magnetic resonance imaging of brain neocortex. Finally, we prove that for large wavelengths the linearized Amari equation is equivalent to a diffusion equation, which can be formally derived from a neural action functional by introducing a dual neural field. Neural field theory is the set of models of brain organization and function in which the interaction of billions of neurons is treated as a continuum [1, 2] . It were Wilson and Cowan [3] , Nunez [4] , and Amari [5] in the 1970s who provided the formulations for neural field models that are in common use today [2] . Recently, Buice and Cowan [6] have shown that the stochastic version of the WilsonCowan neural field theory [7] exibits a 1/ω 2 power-law in the power spectrum. This nice result is consistent with the scaling laws found in measurements of electroencephalography [8, 9] and functional magnetic resonance imaging [10] of the brain neocortex.
In this paper we show that the 1/ω 2 power law is quite easily recovered by analyzing the power spctrum of the most used formulation of neural field activity: the deterministic Amari's equation [5] , which describes the local activity of a population of neurons in a single-layer. We linearize the Amari equation and Fourier-transform it from the space-time domain to the wavevector-freqency domain. In this way we obtain the analytical solution of the equation and, in particular, we determine the power spectrum of the neural field in the case of a istantaneous and localized external stimulus. In the regime of small wavenumber and large frequency we show that the power spectrum scales as 1/ω 2 , which is indeeed a direct consequence of the exponential decay in the time domain. Finally, we show that for small wavenumbers the Fourier antitransform of the linearized Amari equation gives a diffusion equation, which is thus reliable for large wavelengths.
The Amari equation [5] is given by
(1) where u(r, t) is the space-time dependent neural field, i.e. the average membrane potential of neurons at the position r and time t. In full generality, d = 3 but often one works with d = 1 or d = 2 [1, 2] . Here τ is the (constant) decay time of the one-layer membrane of neurons, w(r ′ , r) is the synaptic connection weight from a position r ′ to another position r. We assume that the connections are simmetric
The nonlinear function f [u] is the activation function usually modelled as a sigmoid, i.e. a Fermi-Dirac distribution
with gain β > 0 and threshold h > 0. Finally, s(r, t) is an external stimulus acting on neurons [1, 2, 5] . Let us suppose that the exteral stimulus is absent, i.e. s(r, t) = 0. It is clear from Eq. (2) that a stationary and uniform configuration u 0 of the neural field u(r, t) satisfies the nonlinear algebric equation
where
If u 0 ≪ h from Eq. We now consider a small perturbation η(r, t) with respect to the configuration u 0 of the neural field, namely u(r, t) = u 0 + η(r, t) .
If the neural perturbation is sufficiently small we can write
and Eq. (2) gives
taking into account Eqs. (4) and (7). This is the linearized Amari's equation around a uniform and constant configuration u 0 .
Eq. (8) can be transformed into an algebric equation by introducing the Fourier transform [11] 
with k the wavevector and ω the frequency and, by definition,
In fact, by appling the Fourier transform F to Eq. (8) and using the properties of F with respect to derivatives and integrals (convolution theorem) one immediately finds
with k = |k|. From this equation the dispersion relation ω = ω k between ω and k reads
We stress that Eq. (12) can be rewritten as
is the Green function of the linearized Amari's equation. Let us switch on the external stimulus, i.e. s(r, t) = 0. The corresponding linearized Amari's equation in reciprocal wavevector-frequency domain becomes
from which we get the solutioñ 
The power spectrum P η (k, ω) of the neural perturbation η(k, t) is defined as
and taking into account Eq. (18) it is given by
In the case of an instantaneus stimulus of amplitude s 0 localized at position r = 0 and time t = 0, i.e.
with δ (d) (r) the Dirac delta function in d dimensions, the Fourier transform of s(r, t) reads
and the power spectrum of the neural perturbation becomes
In Fig. 1 we plot the power spectrum at k = 0, i.e.
as a function of the frequency ω in the case of the instantaneous and localized stimulus for three values of the parameter
The figure clearly shows that for large frequencies (ω ≫ µ/τ ) the power spectrum is described by the power law
As previously discussed, this result, that is valid in the regime of small wavenumbers (k ≃ 0), is consistent with the scaling laws found in measurements of electroencephalography [8, 8] and functional magnetic resonance imaging [10] of the brain neocortex. The recent study of Buice and Cowan [6] seems to suggest that stochastic noise is needed in neural field models to get the 1/ω 2 power-law. Here we have shown that the Amari equation, which is easily mapped into the Wilson-Cowan equation [1] , produces the 1/ω 2 power-law without invoking random noise. This is however not surprising because it is well known that the exponential decay (µ > 0) in the time domain, i.e.
and consequently
implies a Lorentzian power spectrum in the frequency domain [11] . Note that Eq. (28) means that u 0 , which satisfies Eq. (4), is a stable fixed point of the uniform Amari equation
under the condition µ = 1 − f ′ [u 0 ]w(0) > 0. Finally, it is interesting to observe that for small wavenumbers k we can writẽ
and the linearized Amari equation (12) becomes
(31) Performing the Fourier antitransform [11] of this equation we obtain
Eq. (32) is a diffusion equation with D > 0 the diffusion coefficient, which can also be formally interpreted as a time-dependent Schrödinger equation with imaginary time [12] , and it is clearly reliable only for large wavelengths λ = 2π/k. It is well known the Eq. (32) admits meaningful analytical solutions [12] . For instance, given the Gaussian initial condition
induced by some stimulus, the time-dependent solution of Eq. (32) reads
( 36) is a solution of the Amari equation (2) under the conditions η 0 ≪ u 0 (small perturbation) and σ ≫ √ D (large wavelengths).
For the sake of completeness we notice that, introducing the dual field φ(r, t) of η(r, t) which satisfies the equation
with −D instead of D and µ instead of −µ, Eqs. (32) and (37) can be seen as the Euler-Lagrange equations obtained extremizing of the following neural action functional
is the Lagrangian density of the neural field. It is indeed a quite standard procedure to obtain a Lagrangian for a dissipative system by doubling the degrees of freedom [13, 14] .
In conclusion, by analyzing the Amari equation of a neural field we have obtained an analytical formula for its power spectrum under the assumption of a small perturbation around a stationary uniform neural field. In the case of a istantaneous and localized external stimulus the power spectrum is quite simple and for large frequencies it scales as 1/ω 2 , in good agreement with experimental data. In addition, we have shown that for large wavelengths the linearized Amari equation is equivalent to a diffusion equation, which can be formally interpreted as a Euler-Lagrange equation obtained by extermizing a neural action functional.
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